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Abstract 

The square of a graph G is the graph defined on V (G) such that two vertices u and v 
are adjacent in G^ if the distance between u and u in G is at most 2. The maximum average 
degree of G, mad{G), is the maximum among the average degrees of the subgraphs of G. 

It is known in [2] that there is no constant G such that every graph G with mad{G) < 4 
has x(C^) ^ A(G) + G. Charpentier [5] conjectured that there exists an integer D such that 
every graph G with A(G) > D and mad{G) < 4 has x(G^) < 2A(G). Recent result in [I] 
implies that x{G^) < 2A(G) if mad{G) < 4 — -1 with A(G) > 40c — 16. 

In this paper, we show for c > 2, if mad(G) < 4 — ^ and A(G) > 14c — 7, then ^ 

2A(G), which improves the result in [T]. We also show that for every integer D, there is a 
graph G with A(G) > D such that mad{G) < 4, and x(G'^) ^ 2A(G) + 2, which disproves 
Charpentier’s conjecture. In addition, we give counterexamples to Charpentier’s another 
conjecture in [^, stating that for every integer k > 3, there is an integer Dk such that every 
graph G with mad{G) < 2k and A(G) > Dk has x(G'^) ^ kA{G) — k. 


1 Introduction 

A proper ^-coloring (p : V{G) {1,2,... , A:} of a graph G is an assignment of colors to the 
vertices of G so that any two adjacent vertices receive distinct colors. The chromatic number 
x{G) of a graph G is the least k such that there exists a proper fc-coloring of G. A list assignment 
on G is a function L that assigns each vertex v a set L(v) which is a list of available colors at v. 
A graph G is said to be k-ehoosable if for any list assignment L such that \L(v)\ > k for every 
vertex v, there exists a proper coloring p such that 4>{v) G L{v) for every v G V{G). The list 
chromatie number Xi{G) of a graph G is the least k such that G is fe-choosable. 

The square G^ of a graph G is the graph defined on V{G) such that two vertices u and v 
are adjacent in G^ if the distance between u and ri in G is at most 2. The maximum average 
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degree of G, raad[G)^ is the maximum among the average degrees of the subgraphs of G. That 

\E(H) I 

is, mad{G) = maxHcG jy^j^y 

The study of xiG'^) was initiated in [2j, and has been actively studied. Prom the fact that 
x{G‘^) > A(G) + 1 for every graph G, a naturally arising problem is to find graphs G which 
satisfy x{G‘^) = A(G) + 1. A lot of research has been done to find sufficient conditions in terms 
of by girth or mad{G) to be = A(G) + 1. Also, given a constant C, determining graphs 

G which satisfy < A(G) + C is also an interesting research topic. See SI Eli for more 

information. 

Bonamy, Leveque, Pinlou m showed that XliG"^) < A(G) + 2 if mad{G) < 3 and A(G) > 17. 
However, it was reported in [2] that there is no constant G such that every graph G with 
mad{G) < 4 has xiG"^) < A(G) + G. On the other hand, Bonamy, Leveque, Pinlou [2] showed 
the following result. 


Theorem 1.1 ([2]). There exists a function h{e) such that every graph G with mad{G) < 4 — e 
satisfies Xe{G‘^) < A(G) + /i(e), where h{e) ~ ^ as e ^ 0. 

It is known in [2] that for arbitrarily large maximum degree, there exists a graph G such that 
mad{G) < 4 and y;(G^) > On the other hand, Charpentier [5] proposed the following 

conjectures. 


Conjecture 1.2 (i). There exists an integer D such that every graph G with A(G) > D and 
mad{G) < 4 has x{G‘^) < 2A(G). 

Conjecture 1.3 (i). For each integer k >3, there exists an integer such that every graph 
G with A{G) > Dk and mad{G) < 2k has x{G‘^) < kA{G) — k. 

It was mentioned in i that Conjecture 11.21 and Conjecture 11.31 are best possible, if they 
are true. In this paper, we disprove Conjecture 11.21 bv showing that for any positive integer D, 
there is a graph G with A{G) > D and mad{G) < 4 such that x(G'^) > 2A{G) + 2. Precisely, 
for arbitrarily positive integer d > 2, there exists a graph G^ with A(G) = d + 1 such that 
mad{G) = 4 — and the maximum clique size of is 2A{Gd) + 2. It means that there 
is no constant Dq such that every graph G with mad{G) < 4 and A[G) > Dq satisfies that 
x(G^) < 2A{G). In addition, we give counterexamples to Conjecture 11.31 bv using similar idea. 

As a modification of Conjecture 11.21 we are interested in finding the optimal value h{c) 
such that x(G^) < 2A(G) (or XeiG'^) < 2A(G)) for every graph G with mad{G) < 4 — ^ and 
A(G) > h{c). Our main theorem of this paper is the following, which shows that h{c) < 14c — 7. 

Theorem 1.4. Let c he an integer such that c > 2. If a graph G satisfies mad{G) < 4 — ^ and 
A(G) > 14c - 7, then xe{G^) < 2A(G). 

Note that Theorem 11.11 implies that if G is a graph with mad{G) < 4-- and A(G) > 40c—16, 
then Xi{G‘^) < 2A(G). Thus Theorem 11.41 gives a better bound on h{c) than Theorem 11.11 when 
14c - 7 < A(G) < 40c - 17. 

Next, we will show that h{c) > 2c + 2. Thus the current bound on h{c) is 2c + 2 < h{c) < 
14c — 7. Hence it would be interesting to solve the following problem. 
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Problem 1.5. Given a positive integer c > 1, there is a fnnction h{c) such that x(G^) < 2A{G) 
(or XeiG'^) < 2A(G)) whenever a graph G satisfies mad{G) < 4 — ^ and A(G) > h{c). What is 
the optimal value of h{c)7 Or, reduce the gap in 2c + 2 < h{c) < 14c — 7. 

Remark 1.6. Yancey [10] showed that for t > 3, if G is a graph with mad{G) < 4 — — e 

for some > e > 0, then < max{A(G) + t, 16t^e“^}. We can convert mad{G) < 

4 — — e into mad{G) < 4 — ^ form by setting ^ Then from 0 < e < jppp < 1, we 

have that e < x , and consequently 0 < e < < 1- Thus 0 < 1 — ce < 1, and 

consequently, we have t = — 1 > 4c — 1. Hence, when 16t^e“^ < 2A(G), we have 

A(G) > 8t^e-^ > 8(4c - ifc^iAc + if 

since e < Thus Yancey’s result implies that x(G^) ^ 2A(G) only when mad{G) < 4 — ^ 

and A(G) > toc^ for some constant to- But, note that in our result, the lower bound on A(G) 
is linear as A(G) > 14c — 7. 

This paper is organized as follows. In Section [2l we will give a construction which is a 
counterexample to Coniecture ll.2l and in Section [S] we will prove Theorem ll .41 using discharging 
method. In Section 01 we modify the construction in Section [2| slightly, and show that for any 
positive integer c, there exists a graph G such that mad{G) < 4 — -f, A(G) = 2c + 1, and 
x(G^) = 2A(G) + 1, which implies that h(c) > 2c + 2. And next, in Appendix, we will give 
counterexamples to Conjecture 11.31 

2 Construction 

We will show that for any positive integer n > 2, there is a graph G with A(G) = n + 1 such 
that mad{G) < 4, and x(G'^) > 2A(G). Let [n] = {1,..., n}. 


Construction 2.1. Let n > 2 be a positive integer. Let S = {ui,U 2 , ■ ■ ■, Un}, T = {ui,..., 
and X = {xij \ {i,j) € [n] x [n]}. We define a graph Gn by 


V{Gn) = {n,r;}U.SuruY 

E{Gn) = {nn} U {uui I ttj G S'} U {vvi | G T} 

( n n \ / ^ ^ 

IJ [J{UiXij,VjXij} U [J{xilXii} 
i=lj=l ) \i=2 / 

where xp^+i) = ^ni- See Figured) for an illustration. 

We have the following simple observations. 

• For y G {u,v}U SUT, d{y) = n + 1. 


U |J{xi2Xi(i+i)} , 


\i=2 
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Figure 1: Construction of G„ 


• For Xij G X, 



if {i,j) = (1,1), or (1,2) 

if j = i + r for r € {0,1} and i > 2 , 

otherwise, 


where x^^n+i) = Xni- 

Therefore A{Gn) = n + 1 and {u, v, xu , X 12 } U S' U T is a clique in with 2n + 4 vertices. Thus 

x{Gn) > 2A(G„) + 2 . 

From now on, we denote by G for simplicity. Next, we will show that mad{G) < 4. Denote 
the number of edges of the subgraph of G induced by by ||^||, that is, |F1(G[A])| = ||^||. Define 
a potential function pc : 2^^*^) ^ Z by for A C V{G), 

Pg{A) = 2\A\ -\\A\\. 

Note that Pg{A) > 1 for every subset A C V{G) is equivalent to mad{G) < 4. 

We will show that Pg{A) > 1 for all A C V{G). A vertex of degree k is called a A:-vertex, 
and a vertex of degree at least k (at most k) is called a A;+-vertex (A:“-vertex). 

Claim 2.2. For all A C V{G), pg{A) > 1. 

Proof. Suppose that there \s A <ZV(G) such that PGiA) < 0. Let ^4 be a smallest subset of V(G) 
among all subsets of V{G) with minimum value pg{A). That is, A is a minimal counterexample 
to Claim [221 

If G[A\ contains a 2 “-vertex v then pg{A \ {u}) < pGiA), which is a contradiction to the 
minimality of Pg{A) or the minimality of [Al. Thus G[A\ does not have a 2“-vertex. 

Let X 3 be the set of 3'*“-vertices in X. Then every vertex in X \ X 3 does not belong to A, 
since each vertex in X \ X 3 is a 2-vertex. 


4 














li a ^ A and a has at least three neighbors in A, then pg{A U {a}) < pg{A), a contradiction 
to the minimality of pg{A). Thus every vertex not in A has at most two neighbors in A. 

Next, we will show that {u, u} C A. If |j 4 n S'! < 1, then any vertex in ^4 n T is a 2“ vertex 
of G[A], a contradiction. Thus |T n S| > 2. Suppose that D S'! = 2. If u ^ A, then Ar\T has 
a 2-vertex of G[^], which is forbidden. Thus u G T, and then u is adjacent to three vertices of 
A, and so u G Therefore {u, u} C A. Similarly, if |^nT| = 2, then {u,u} C A. On the other 
hand, if |j4 n S'! >3 and 1^4 n T| > 3, then {v, u} G A, since every vertex not in A has at most 
two neighbors in A. Therefore, we can conclude that {u, u} C A. 

Let Xg be the set of 3-vertices of G in X n That is, Xg = (X 3 0 yl) \ {xii,xi 2 }. As we 
noted that every vertex in X \X 3 does not belong to A, in fact, Xg = (X n A) \ {xn, 3 : 12 }. Note 
that every vertex in Xg is also a 3-vertex of G[A]. Since any two vertices in Xg are not adjacent 
in G, we have 

Pg(A\X') = 2|A\X'|-||A\X'|| = 2|A|-2|X'|-||A|| + 3||X'||=pg(A) + |X'|. 

Since Pg{A) < 0, 

Pg(A\X')<|X'|. (1) 

Note that each vertex in {A \ X0 n X = A n {xn, X 12 } has degree at most 2 in G[A \ Xg], and 
therefore, we have pg{A \ Xg) > pg{A \ X). 

Let a = |A n (5 U T)| for simplicity. Note that a > jXgj, since for vertex x in Xg, x is a 
3-vertex in both G and G[A], and so Ng{x) C A. Now note that G[A \ X] has a + 2 vertices 
and has a + 1 edges. Thus 

Pci^ \ ^ 3 ) ^ Pg{^ \ A") > 2a -|-4 — (a-|-l) >a + 3> jXgj -|- 3, 

a contradiction to ©• Therefore Pg{A) > 1 for every subset A C I^(G). This completes the 
proof of Claim 12.21 □ 

Remark 2.3. In Appendix, we will also show that Conjecture 11.31 is not true. That is, for any 
integers k and n such that k >2 and n > k"^ — k, there exists a graph G such that mad{G) < 2k, 
A(G) > n, and x(G^) > /cA(G) -|- k. The construction for A: > 3 is similar to Construction [2Al 

3 Proof of Theorem 11.41 

We use double induction on the number of 3+-vertices first, and then on the number of edges. 

Definition 3.1. Letn^lG) be the number of 3^-vertices of G. We order graphs as follows. Give 
two graphs G and G', say that G' is smaller than G if (1) nsi^G') < 77 . 3 (G), or (2) nsi^G') = n 3 {G) 
and \E{G')\ < \E{G)\. 

Throughout this section, we let G be a minimal counterexample to Theorem 11.41 
Lemma 3.2. If a vertex u has a neighbor of degree 2, then 

d{x) > 2A(G). 

x^N{u) 
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Proof. Suppose that d{x) < 2A(G). Let u be a neighbor of u whose degree is 2. Let 

x€N(u) 

H = G — uv. The number of 3'’'-vertices of H is not greater than that of G, and the number of 
edges of H is less than that of G. Thus, ^ 2A{H). Note that 2A{H) < 2A{G). Now 

uncolor u and v. Then the number of forbidden colors at v is at most 2A(G) — 1 and so we can 
assign a color of v. And the number of forbidden colors at u is at most Y1x€N(u) < 2A(G), 
and so we can give a color to u. Thus G^ is 2A(G)-choosable. This is a contradiction. □ 

Corollary 3.3. Let u be a vertex having a neighbor of degree 2. Then 

(i) if d{u) < then u has at least one neighbor of degree at least 4; 

(a) if d{u) < ^ 3 *^^ , then u has at least two neighbors of degree at least 4; 

(in) a 2-vertex is not adjacent to a 2-vertex. 

Lemma 3.4. Every 3-vertex has a neighbor of degree at least 4c. 

Proof. For any graph G', we define a potential function pc : 2^^^'^ —>■ Z by 

PG'{A) = (4c- 1)|A| - 2c||A||. 

Note that Pg'{A) > 1 for every subset A C V(G') is equivalent to mad{G') < 4 — i. 

Let tt be a 3-vertex of G, and let A'(ri) = {xi, X 2 , x^}. Suppose that max{d(xi), (i(x 2 ), ^(xa)} < 
4c — 1. Let H be the graph obtained by deleting the vertex u and adding three vertices yi, 2 / 2 ) 2/3 
such that N{yi) = {xi,X 2 }, N{y 2 ) = {x 2 ,X 3 }, and iV(y3) = 

Now we will show that Ph{S) > 1 for every S C V{H). Suppose that there exists S C V{H) 
such that Ph{S) < 0. We take a smallest such S. If 5'n{ 2 / 1 , 2 / 2 , 2 / 3 } = 0) then ph{S) = Pg{S) > 1- 
Thus 5'n{yi,y2,y3} / 0- If a vertex y in STlIyi, y2, ys} is a 1“ vertex, then ph{S) > pH{S\{y}), 
a contradiction to the minimality of jS"!. Thus, any vertex in S' fl {yi,y 2 ,y 3 } is a 2-vertex. 

Let S' = S\ {yi, y 2 , y 3 } and |S n {yi, y 2 , ysll = a. If a = 1 then ph{S) = Pg{S' U {u}) > 1. 
If a > 2, then {xi,X 2 ,X 3 } C S and so 

Ph{S) = PH (S') + (4c - l)a - 4 cq: 

= Peis') - a 

= Pg{S' U {u}) — (4c — 1) -|- 6c — a 
= /9 g( 5''U {rt})-I-2c - a-1-1 > 1, 

where the last inequality is from the fact that PGiS' U {n}) > 1 and a < 3. Hence pniS) > 1 
for every S C ViH). 

Note that each Xj has degree in H at least 3 by Lemma 13.21 Hence the number 3^-vertices 
of H is smaller than the number of 3^-vertices of G. Thus by the minimality of G, we have 
XeiH"^) < 2A{H). Since the degrees of xi, X 2 , X 3 in G are at most 4c — 1 and A(G) > 14c — 7, 
A{H) = A(G). Thus XiiH"^) Li 2A(G). Now, since the number of 2-distance neighbors of u 
is at most 12c < 2A(G), the number of forbidden colors at u is less than 2A(G). Thus G^ is 
2A(G)-choosable. This is a contradiction. This completes the proof of Lemma 13.41 □ 
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Discharging Rules 


Rl: If d{u) > 8c — 2, then u sends 1 — ^ to each of its neighbors. 

R2: If 4c < d{u) < 8c — 2, u sends 1 — ^ to each of neighbors of degree 2, and sends 1 — ^ to 
each of neighbors of degree 3. 

R3: If 4 < d(u) < 4c and u has exactly one neighbor of degree at least 4, then u does not send 
any charge to its neighbors. 

R4: If 4 < d{u) < 4c and u has at least two neighbors of degree at least 4, then u sends 1 — ^ 
to each of its neighbors of degree 2. 

R5: If a 3-vertex u has two neighbors of degree at least 8c — 2 and one neighbor of degree 2, 
then u sends 1 — ^ to its neighbor whose degree is 2. 

Let d*(u) be the new charge after discharging. We will show that d*(u) > 4 — - for all u. 
Note that A(G') > 14c - 7. 

(1) When d{u) > 8c — 2, 

d*{u) > d{u) - d{u) ^1 - 

(2) If 4c < d{u) < 8c — 3 and u has no neighbor of degree 2, then 

d*{u) > d{u) — d{u) ( 1 — 


=^>4-i. 
c J c c 


(3) Suppose that 4c < d{u) < 8c — 3 and u is adjacent to a 2-vertex. Note that by (i) of 
Corollary 13.31 u is adjacent to at least one d^-vertex. 

• If 6c — 1 < d{u) < 8c — 3, then 

d-(u) > d(n) - (d(u) - 1) (^1 - = 1 + M _ 1 > 4 _ 1 , 

since u is adjacent to at least one d^-vertex. 

• If 4c < d{u) < 6c — 2 and u has exactly one neighbor z of degree at least 4, then 

d{x) < d{z) + 3 • {d{u) — 2) + 2, 

x^N{u) 
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and by Lemma 13.21 


2A(G) < Y, d{x) < d{z) + 3 ■ {d{u) - 2) + 2. 

x^N{u) 

Thus 

d{z) > 2A(G) - 3 • (d(u) - 2) - 2 > 2 • (14c - 7) - 3 • ( 6 c - 4) - 2 > 8 c - 2, 
which implies that u receives charge 1 — ^ from Thus 

d-(u) > d(«) - (d(«) -l)('l-li+l-l=2 + ^- l>4-i. 

• If 4c < d(u} < 6c — 2 and u is adjacent to at least two 4+-vertices, then 

d*{u) > d{u) - {d{u) - 2) A - = 2 + ^ - i > 4- i. 


Thus d*{u) > 4 - i. 


(4) Suppose that 2c + 1 < d{u) < 4c. If u has no neighbor of degree 2 , then u does not send 
any charge to others. Next, consider the case when u has a neighbor of degree 2. By (ii) of 
Corollary 13.31 u is adjacent to at least two 4+-vertices. 


• Suppose that u has exactly two neighbors of degree at least 4, say zi and 22 - 
Lemma 13.21 


d{zi) + d{z 2 ) + 3 • {d{u) — 2 ) > 2A(G). 


Then by 


Note that 


d{zi) + d{z 2 ) > 2A(G)-3d(u) + 6 > 2-(14c-7) - 3-(4c- 1 )+ 6 = 16c-5 = 2 -( 8 c- 2 )-l. 


Thus at least one of d{zi) and d{z 2 ) is at least 8 c — 2, implies that u receives charge at 
least 1 — ^ from zi and Z 2 - Thus 


d*{u) > d{u) — {d{u) — 2 ) ( 1 — 


2 c 


1 d(u) 3 ^ 1 

+ 1-= + 3-> 4 - -. 

2 c 2 c 2 c c 


• If u is adjacent to at least three 4'’'-vertices, then 

Itiu) > d(n) - {d(u) - 3) (1 - 1() = M + 3 _ 1 > 4 _ 1. 
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(5) Suppose that 4 < d{u) < 2c + 1. If tt has no neighbor of degree 2 , then u does not send 
any charge to others. Consider the case when u has a neighbor of degree 2. If n has at most 
{d{u) — 4) neighbors of degree 2, then 

d'{u) > d(u) - {d(u) -4)('l-i)=^ + 4- ?>4-h 

Suppose that u has at least {d{u) — 3) neighbors of degree 2 . Let zi, and Z 3 be the other 
neighbors. By Lemma 13.21 since u has a neighbor of degree 2, 

d(zi) + d{z 2 ) + d{z 3 ) + 2 • {d{u) — 3) > 2A(G). 

Note that 


d{zi) + d{z 2 ) + d{z 3 ) > 2A{G) - 2d{u) + 6 > 2 • (I4c - 7) - 2 • 2 c + 6 > 3 • ( 8 c - 2 ) - 2 . 


Thus we can conclude that at least one of d{zi), d{z 2 ), d^z^) is at least 8 c — 2, and so u receives 
charge at least 1 — ^ from zi, Z2, Z3. Thns 


d*(u) > d(u) — (d(u) — 3) 



1 


d(u) 



4. 


( 6 ) When d(u) = 3, by Lemma 13^ u has at least one neighbor of degree at least 4c. Thus 
u receives charge at least 1 — - from its neighbors. Even though we consider R5, we have 
d*{u)>A-\. 

(7) Suppose that d{u) = 2. We will show that u receives 1 — ^ from both neighbors. Let 
X be a neighbor of u. Suppose that d{x) < 3. Then d{x) = 3 by (hi) of Corollary 13.31 By 
Lemma 13.21 each neighbor of x other than u has degree at least A(G) — 2 , which implies that u 
receives charge 1 — ^ from x by R5. Suppose that d{x) >4. If 4 < d{x) < 4c and x has exactly 
one neighbor of degree at least 4, the it violates (ii) of Corollary 13.31 Thus the case of R3 does 
not happen to x. That is, x must send I — ^ to n. Then d*{u) > 4 — i. 

4 Remark on a condition for A(G) to be x{G‘^) A 2A(G) 

Given a positive integer c > 2, let h{c) be the smallest value such that x{G‘^) A 2A(G) whenever 
G is a graph with mad{G) < 4 — ^ and A(G) > h{c). Theorem 11.41 shows that h{c) < 14c — 7. 
In the following, we will see that h{c) > 2c + 2 by showing that for any integer c > 2, there 
is a graph G such that mad{G) < 4 — i, A(G) = 2c + 1, and x(G^) A 2A(G) + 1. Hence 
2c + 2 < h{c) < 14c — 7. Thns, it would be interesting to find the optimal value of h{c) or to 
reduce the gap in 2c + 2 < h{c) < 14c — 7. 

Now, given a positive integer c > 2, we give a graph G such that mad{G) < 4 — i, A(G) = 
2c + 1, and x(G'^) A 2A(G) + 1. Let consider Gn in Section [2] when n = 2c, and then let 

G = Gn- ({xi 2 Xi(j+i) : 2 < i < n} U {xi 2 X„i}) . 

Then |H(G)| = 4c^+4c+2 and |E'(G)| = 8 c^+ 6 c. Therefore, A(G) = n+1 and {tt,u,xii}US'UT 
is a cliqne in with 2n + 3 vertices. Thns x{G‘^) > 2A(G) + 1. 
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Claim 4.1. mad{G) < 4 — i. 

Proof of Claim. Define a potential function p*q{A) = (4c — 1)|^| — 2c||A|| for A C V(G}. Note 
that mad{G) < 4 — ^ is equivalent to Pq{A) > 1 for all A C V{G). 

Now, we will show that p*q{A) > 1 for all A C V(G). Suppose that there is A C V(G) such 
that Pq(A) < 0, and take such A with minimum value p*(A). If G[A\ contains a l“-vertex v 
then / 9 q(^\{u}) < Pq{A), which is a contradiction to the minimality of p*{A). Thus G\A\ does 
not have a l“-vertex. li a ^ A and a has at least two neighbors in A, then p*(AU {a}) < p*{A), 
a contradiction to the minimality of p*{A). Therefore, if a ^ T, then a has at most one neighbor 
in A. Thus for i,j such that i ^ j, 

Xij e A^:^ {ui,Vj} C A. ( 2 ) 

Without loss of generality, we may assume that |5 fl < \T n A\. From ([2]), it is easy to check 
that if |^n5| < 1 or |^nT| < 1, then p*{A) > 1. Thus we can assume that |rn^| > |5nT| > 2, 
and so {u, u} G A. 

For simplicity, let s = |5nT| and t = |rn^|. Then s <t. By ([2]), = |5n^| • |rnT| = 

st. Thus we have that |T| > st + s + t + 2. On the other hand, 

\\A\ \ < 2st + s + t + 1 + {s - 1) = 2 ■ {st + s + t + 2) - {t + 4). 


Thus, 


p*{A) = (4c-1)1^1-2cP|| 

> (4c — l){st + s + t + 2) — 2c ■ {2 ■ {st + s + t + 2) — {t + 4)) 

= (4c — l)(st T s T t T 2) — 4c • {st -t- s -t- t T 2) -t- 2c • (t -t- 4) 

= —{st T 5 T t T 2) T 2c{t -t- 4) 

= —st — s — t — 2 + 2tc + 8c 

= {2ct — st) + (2c — s) + (2c — t) + (4c — 2) > 1, 


where the last equality is from the fact that 2c > max{s,t}. This is a contradiction to the 
assumption that p*{A) < 0. Thus p*{A) > 1 for every subset A C V{G). □ 
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Appendix: Counterexamples to Conjecture 11.3 

Fix an integer k > 3 and let n be a prime with n > k'^ — k. We will define a graph G = G^^n 
such that A(G') = k + n — 1, mad{G‘^) < 2k, and G^ contains a clique of size k/S.{G) + k. The 
idea is exactly same as Construction [2T] in Section 2. 

For ^ € [/c — 2], we define a Latin square of order n by 

LSG) = j + - 1) (mod n), for (i, j) G [n] x [n]. 

That is, the (i,j)-entry of the Latin square of Li is L£{i,j). (See page 252 in [7] for detail.) 


Construction 4.2. For i € [k], let Ui = • • •,Let U = {ui,U 2 , ■ ■ ■ ,Uk} and 

X = {xij I {i,j) G [n] X [re]}. Define 


U(G) 

E(G) 


DU UA 

/ k \ 

{uiUj I 1 < i < j < /cj U [^{rejX I X G Di} 

( n n 

uu I y G {rei^j, re2J , re 3 jP'U 4j )5 • • • ) j) j} 

i=ij=i 
/k^—k—l n 

U j [J [J {xi i-|_f Xj j+j-} 


r =0 i=2 


where the subscripts of Xij are computed by modulo re. 
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Then we have the following observations. 


• For Ui € U, d{ui) = n + k — 1 and for mj G Ui, d{uij) = n + 1. 

• For Xij G X, 

( 2 k — 1 if i = 1 

d{xij) = < k + 1 if j i + r for some 0 <r<k^ — k — 1 and i > 2 
k otherwise 

where the subscript of x*j are computed by modulo n. 

Therefore A(G) = n + k — 1 . 

Claim 4.3. x{G^) > kA{G) + k. 

Proof. We will show that {xip, a:i,3, • • •, U C/ U C/i U • • • U17^ is a clique in G^. From 

the orthogonality of Latin squares, we know that Uij and Uj'j' are adjacent in if i 7^ i'. For 
each i G [A:], since Uij and Ujj' share a neighbor Ui, they are adjacent in G^. In addition, Ui and 
Ui'j are adjacent in G^, since they share a neighbor ttj/. Therefore, t/ U t/i U • • • U Gfc is a clique 
in G^. 

Note that the vertices in {xip,xi^2, • • • ,a^i,fc2-A:} share a neighbor uip, and so they form a 
clique in G^. Furthermore, each vertex in U is adjacent to each vertex in X in G^ since they 
share a neighbor in Ui D ■ ■ ■ L) Uk- Thus, it remains to show that for each integer r such that 
0 <r<k^ — k — 1 , xix+r is adjacent to each vertex in [/i U • • • U Uk- 
Let r be an integer with 0 <r<k^ — k — 1 . Since for i G [n], 

Xoixi^i^l-r) {'Itlji)'J^2,i+r) ^3,Li(i,i+r)) ^4,L2(i,*+?’) > ’ ’ ’ ^ ^k,Lh_2ii,i+r)}■ 

Thus Ncixix+r) u NG{x2,2+r) U • • • U NG{xn,n+r) Contains 

{ui 1, 'U2,l+r’) ^3,Li(1,1+r)) ^4,1.2(1,1+?’)’ ' ' ' ^A:,Lfe_2(l,l+r)} 

U {Ui,2, 'W2,2+r, ll3,Li(2,2+r)) ll4,L2(2,2+r)) • • • ; llA:,I,fc_2(2,2+r)} 

U {uin ) ll2,n+r) llSjLi(n,n+r)) ^4,1,2(??,«•+?’)’ ' ' ' > ^k,Lis_ 2 (n,n+r)}■ 

Since for each £ G [A: — 2], 

1 + r),Li{ 2 , 2 + r),..., L(,{n, n + r)} = [n], 


we can conclude that 


Ncixix+r) U AG'(x2,2+r) U • • • U NG{Xn,n+r) Ui U ■ ■ ■ U Uk- 

Since xi^+r is adjacent to every vertex in {x 2 , 2 +r, 2 : 3 , 3 +r, • • • ,a^n,n+r}, xi^+r is adjacent to each 
vertex in 17i U • • • U Gfc in G^. 

Consequently, {xip, xi^ 2 , 2 : 1 , 3 , • • •, 2:i,A:2-A:} U 17 U 17i U • • • U 17^ is a clique in G^ with A:n + A: + 
(A:^ — k) = kA{G) + k vertices. Thus xiG"^) > kA{G) + k. □ 
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Next, we will show that mad{G) < 2k. Define a potential function pQ : > Z by for 

A c V{G), 

Pg{A) = k\A\ - P||. 

Note that pg{A) > 1 for every A C V{G) is equivalent to mad{G) < 2k. 

Now, we will show that Pg{A) > 1 for all A C V(G). 

Claim 4.4. For all A C V{G), Pg{A) > 1. 

Proof. Suppose that there is 4. C D (G) such that PGiA) < 0. Let 4. be a smallest subset of V(G) 
among all subsets of V{G) with minimum value pg{A). That is, 4. is a minimal counterexample 
to Claim 1331 

If there is a /c“-vertex v of G[4], then pg{A \ {u}) < pg(A), which is a contradiction to the 
minimality of PgIA) or the minimality of |4|. Thus there is no ^“-vertex in G[4]. Thus if a 
vertex x m X A has degree fe + 1 in G, then Ng{x) C A. 

Therefore if x G X has degree k in G, then x ^ A, and if a vertex x in X P A has degree 
fc + 1 in G, then Ng{x) C A. Let X' be the set of (fc + l)-vertices of G in X n 4. Thus every 
vertex in X' is also a (A: + l)-vertex in G[4]. Since any two vertices in X' are not adjacent in 
G, we have 

Pg{A\X') = A:|4\X'| - ||4\X'|| = k\A\-k\X'\ - ||4|| + {k + l)\\X'\\ = pg{A) + |X'|. 
Since Pg{A) < 0, 

Pg{A\X')<\X’\. (3) 

On the other hand, all the vertices in (4\X') r\X have degree at most k in G[4\X']. Then 
Pg{A\X') > pg{A\X). Then all those vertices in 4\ (X UU) are pendent vertices in G[4\JT]. 
Let a = |4 \ (X U t/)| = |4 n (t/i U • • • Uk)\ for simplicity. Note that a > |X'|, since for vertex x 
in X', Ng{v) C 4. Let u = |4 n ?7|. Therefore, G[4 \ X] has u + a vertices and has + a 
edges. Thus 

Pg{A\X')>pg{A\X) > 

> 

> 

a contradiction to ([3|). Thus Pg{A) > 1 


, , u" — u 

ku + ka - a 


+ ka — 


vf — u 


vf + u 


— a = 


+ {k — 1 )q; 


1 + (A;-1)|X'| > 1 + |X'|, 

. for every subset 4 C V{H). Hence, mad{G) < 2k. 


□ 
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